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Abstract—The stability of dc microgrids (MGS) depends on the
control strategy adopted for each mode of operation. In an islanded
operation mode, droop control is the basic method for bus voltage
stabilization when there is no communication among the sources.
In this paper, it is shown the consequences of droop implementa-
tion on the voltage stability of dc power systems, whose loads are
active and nonlinear, e.g., constant power loads. The set of parallel
sources and their corresponding transmission lines are modeled by
an ideal voltage source in series with an equivalent resistance and
inductance. This approximate model allows performing a nonlin-
ear stability analysis to predict the system qualitative behavior due
to the reduced number of differential equations. Additionally, non-
linear analysis provides analytical stability conditions as a function
of the model parameters and it leads to a design guideline to build
reliable (MGS) based on safe operating regions.

Index Terms—Bifurcation analysis, constant power load (CPL),
DC microgrid, droop control, nonlinear stability analysis.

I. INTRODUCTION

DC networks are embedded in several autonomous systems
from ships to notebooks, and have been gaining ground on

energy distribution in the form of small dc microgrids (MGS).
This resumption of dc power distribution is due to the ease
of integration of renewable energy and the growing share of
electronic loads in the system, which makes dc distribution an
option to build more efficient systems [1], [2].

The main concern during the design of a dc MG is its sta-
bility, whose basic unit for stabilization and achieving the inte-
gration between loads and sources is the power converter [3],
as illustrated in Fig 1. The power converters decouple loads
and sources from disturbances and adjust the voltage levels
required by each device in the network. In islanded dc MGs
without communication, the system operates in a distributed
control scheme where each unit has a controller whose decision
is based on the available local variables [4]. In such context,
the stability is commonly obtained by sources in parallel con-
trolling the bus voltage cooperatively. A common practice to
accomplish this without overloading some sources is to include
a virtual resistance on the output of the sources power converter,
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Fig. 1. Islanded dc microgrid with source and load subsystems highlighted.

a technique known as droop control [5]–[8]. Droop control in-
creases the output resistance of each source, which makes them
farther away from an ideal source, and consequently, there is
greater interaction between sources and loads. Such interaction
causes the stability of the bus voltage to be more dependent on
the type of load coupled to the system. Additionally, dc MGs
have nonlinear active loads with a constant power characteris-
tic at their input terminals, which arise from tightly regulated
point-of-load (POL) converters, commonly referred as constant
power loads (CPLS) [9], [10].

Most of the dc stability analysis are linear and based on the
Middlebrook and Cuk criterion [11], due to the ease to obtain
the system open-loop gain knowing only the output impedance
of the source Zs subsystem and the input impedance of the load
subsystem ZL [12]–[14], as illustrated in Fig. 1. Since dc MGs
have a high insertion of nonlinear loads (CPLS), such loads must
be linearized in a voltage operating point to be able to use these
methods. This linearization results in a model composed by a
negative resistance in parallel with a current source [15], [16]
that is suitable to local stability analysis, near to the voltage oper-
ating point. In such context, many researches have successfully
addressed the instability problem of constant power loads using
linear stability analysis [17]–[19]. However, a droop-controlled
dc MGs is allowed to work on voltage levels away from the
linearization point [20], [21], making the linear negative resis-
tance model unsuitable to stability analysis for the entire range
of possible voltages.

To overcome this problem, nonlinear stability analysis is used
to predict the system’s global qualitative behavior. Such ap-
proach models the POL converters with a constant power char-
acteristic to any operation voltage using the ideal CPL model,
which assumes that the input power of a POL converter is con-
stant and equal to the power demanded by the load [22]–[25].
This model although conservative keeps the nonlinearities and it
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Fig. 2. Two sources in parallel feeding a common load and its Thévenin
equivalent circuit.

is used in this paper. The major problem of the nonlinear stabil-
ity analysis is the high number of differential equations, which
makes it too complex or does not give much insight about how
the interaction of the variables affect the stability. This paper
has the following contributions:

1) An approximate model of the source subsystem with n
parallel sources under droop control and their correspond-
ing transmission lines by only one equivalent source and
transmission line (see Section II). The equivalent model
keeps the qualitative behavior of the system and reduces
the n differential equations to only one, making the non-
linear stability analysis much less complex.

2) A relation among the total capacitance on the bus, the
equivalent transmission line, and the maximum load that
keeps the system stable for the entire range of possible
bus voltages (see Section IV).

3) An explanation about the different types of system behav-
iors depending on the amount of resistance and constant
power load using bifurcation analysis (see Section IV).
Section III is intended for system modeling and Sections V
and VI present the simulation and experimental results,
respectively.

II. DROOP CONTROL

The sources in a distributed control scheme operate cooper-
atively to regulate the bus voltage, but a load sharing problem
arises, where each source must provide power to the load pro-
portional to its power capacity. In such a context, load sharing
is critical to avoid that some sources become overloaded, losing
the reliability of distributed power systems.

To understand the difference between power supplied from
parallel sources, a simplified circuit with two sources providing
power to a given load is analyzed. The static analysis of such
simplified circuit is done by modeling power sources as a voltage
source Vi in series with an output droop resistance Rd i

, as
illustrated in Fig. 2.

The difference in current supplied by each source in Fig. 2 is

I1 − I2 =
2(V1 − V2)
Rd1 + Rd2

+
(Rd2 − Rd1 )
Rd1 + Rd2

Io . (1)

It can be noted from (1) that the difference in the current pro-
vided by each source is inversely proportional to (Rd1 + Rd2 ).
Therefore, as the output resistances Rdi

grow, the denomina-
tor of (1) increases, and consequently, load sharing is improved.

Fig. 3. Load sharing and bus voltage regulation using droop control;
(a) Load sharing as the sources output resistances are increased by a factor of α.
(b) Degradation of the bus voltage as α is increased.

Fig. 4. DC MG composed by n sources in droop scheme (n-sources model)
and the proposed equivalent circuit (equivalent model).

Thus, the main idea of the droop control is to increase the output
resistance to reduce the difference between the currents.

It is depicted in Fig. 3(a), the current sharing of two power
sources as the output resistances are increased gradually by a
factor of α. The power sources feed a 10-A load with the same
reference voltage (V1 = V2) and output resistances of Rd1 =
(1 + α) and Rd2 = (9 + α).

It is noteworthy in Fig. 3(a) that the currents of each source
get closer as the output resistances are increased. On the other
hand, increasing the output resistances degrades the bus volt-
age regulation (Vbus) because the Thévenin resistance Rd is
increased, as it becomes explicit by the equation obtained from
the Thévenin equivalent circuit in Fig. 2

Vbus =
V1Rd2 + V2Rd1

Rd1 + Rd2
︸ ︷︷ ︸

V r e f

− Rd1 Rd2

Rd1 + Rd2
︸ ︷︷ ︸

Rd

Io . (2)

Therefore, there is a tradeoff between voltage regulation and
load sharing. It is depicted in Fig. 3(b) the bus voltage degrada-
tion as a function of α when two sources are feeding a constant
current load.

This analysis can be extended to several sources in paral-
lel operating in droop control and connected to the bus by a
transmission line, as described in the next topic.

A. Droop With Multiple Sources

The MG structure explored in this paper consists of multi-
ple sources in parallel connected to a common load through
transmission lines, as illustrated in Fig. 4. Each source under
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droop control is modeled as an ideal voltage source Vi in series
with a virtual droop resistance Rvi

and each transmission line
as a resistance Rti in series with an inductance Lti

. The model
obtained from the circuit with n sources in Fig. 4 is referred
hereinafter as the n-sources model.

The droop and transmission-lines resistances are in series
(cf., Fig. 4) and they can be represented by a single equivalent
resistance

Rdi
= Rvi

+ Rti
. (3)

The objective is to control the output resistance of the source,
thus the virtual resistance is designed to be Rvi

� Rti
, implying

Rdi
≈ Rvi

. (4)

Regarding the same reference voltage Vref for all sources in
parallel

Vref = V1 = V2 = · · · = Vn (5)

and under the condition

Rd1

Lt1
≈ Rd2

Lt2
≈ · · · ≈ Rdn

Ltn
(6)

it can be shown that the source subsystem can be approximated
by an equivalent resistance Rd and Ld in series with an ideal
voltage source, as illustrated in Fig. 4. This equivalent circuit is
named equivalent model hereinafter.

Most of the systems without droop control (Rvi
= 0) meet

condition (6), because Rti
and Lti

generally keeps a constant
ratio no matter the length of the line. However, even using droop
control, the equivalent model is near to the n-sources model (n
differential equations) if the length of the lines and the power
capacity of the sources are similar, which is a common situation
in small dc MGs.

To prove that the source subsystem can be approximated by
only one differential equation, we use condition (5) in conjunc-
tion with the n-sources model. Hence, each transmission line
becomes a differential equation given by

di1
dt

=
1

Lt1

(Vref − vbus) −
Rd1

Lt1

i1

di2
dt

=
1

Lt2

(Vref − vbus) −
Rd2

Lt2

i2

...

din
dt

=
1

Ltn

(Vref − vbus) −
Rdn

Ltn

in . (7)

Furthermore, the total current provided by the sources, denoted
by is , is the sum of the currents of each transmission line

is = i1 + i2 + · · · + in . (8)

Therefore, the sum of the n differential equations in (7) is

dis
dt

=
d

dt

n
∑

i=1

ii (9)

which can be represented as

dis
dt

=

(

n
∑

i=1

1
Lti

)

(Vref − vbus) −
n

∑

i=1

Rdi

Lti

ii . (10)

Substituting condition (6) into (10) results in the approximate
differential equation

dis
dt

≈
(

n
∑

i=1

1
Lti

)

(Vref − vbus) −
Rdi

Lti

is . (11)

To choose the ratio Rdi
/Lti

in (11) from all possibilities of
condition (6), a good choice is an estimated value given by the
ratio of Rdμ

and Ltμ

Rdi

Lti

≈
Rdμ

Ltμ

(12)

where Rdμ
and Ltμ

are the arithmetic mean of Rdi
and Lti

,
respectively

Rdμ
=

∑n

i=1
Rdi

n
and Ltμ

=

∑n

i=1
Lti

n
. (13)

Multiplying both sides of (11) by

Ld =
1

∑n

i=1

1
Lti

(14)

and using (12), yields

Ld
dis
dt

≈ (Vref − vbus) − Rdμ

Ld

Ltμ

is . (15)

Therefore, the equivalent circuit in Fig. 4 is analytically de-
scribed by (15) when presented as follows:

Ld
dis
dt

≈ (Vref − vbus) − Rdis (16)

where

Rd = Rdμ

Ld

Ltμ

. (17)

The aim of the proposed model is to reduce n differential equa-
tions from the n transmission lines in parallel to just one, becom-
ing much easier to find the system equilibrium points and their
stability, as illustrated in Fig. 4. To prove the effectiveness of
this approach, the complete output impedance of three sources
in parallel, whose internal dynamics of the power converters
are considered, is compared to the equivalent and the n-sources
model.

The source V1 is designed with a virtual resistance Rv1 =
0.2Ω and connected to the bus by the transmission line TL1 =
[28.5 mΩ, 436.5 μH]. The parameters values of the sources V2
and V3 are related to the source V1 , as described in Table I.

Distributed generation (DG) units were modeled as ideal
sources in this paper, but true sources have an internal dynam-
ics that can influence the dynamical behavior of the microgrid.
Typically, source’s control are based on a cascade control loop
structure, with a inner current loop and an outer voltage loop.
The inner loop has a minor effect on the microgrid stability, but
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TABLE I
PARAMETERS OF V2 AND V3 AS A FUNCTION OF V1 .

Sources Parameters Rv 2 Rv 3 TL 2 TL 3

Values 0.5Rv 1 2Rv 1 1.4TL 1 1.8TL 1

Fig. 5. Bode diagram of the output impedance for the complete, n-sources
and equivalent models. (a) Magnitude (dB). (b) Phase (degree).

the outer voltage loop must have slow dynamics in order to not
affect the stability.

Assuming these constraints, the proposed DG units model
works properly. In order to validate this model, it is depicted in
Fig. 5 the Bode diagrams of the output impedance of the sources
(including the transmission lines) corresponding to: 1) com-
plete model that include the internal dynamics of the DG units;
2) n-sources model, and 3) equivalent model. The comparison
shows that when the transmission lines are short and have similar
lengths with small droop resistance values, the approximation
is sufficiently accurate for stability analysis.

Moreover, from the equivalent circuit in Fig. 4, the following
two important relations can be obtained:

1) the steady-state voltage bus

Vbus = Vref − RdIo , Io = Is ; (18)

2) and the maximum power that can be transfered to the load

Pmax =
V 2

ref

4Rd
. (19)

The second relation is important because there is a type of
instability that is related to the ability to provide the power
demanded by the load. When the load demands more power
than Pmax , the bus voltage drops abruptly. This phenomenon is
explained in the following sections.

III. DC MICROGRID MODELING

The dc MG evaluated is typical in emergency situations. It
operates in island mode without communication to a micro-
grid central controller or even among the sources, as illustrated
in Fig. 1. So, each power converter controller uses only the
available local variables. The configuration is composed of the
following elements:

1) an intermittent source in maximum power point tracking
(MPPT);

2) two batteries of equal capacity (droop control);
3) transmission lines;
4) active loads composed by POL converters;

Fig. 6. (a) Block diagram of a POL converter and its input/output voltages and
currents. (b) Constant power behavior of a buck converter (380–150 V) driving
a 15-Ω resistive load.

5) resistive loads;
6) bus capacitance.

The most critical elements to model in a dc MG are the sources,
whose behavior depends on their controllers, and loads, espe-
cially the POL converters. In the next sections, sources and loads
are modeled to support the stability analysis.

A. Constant Power Load

Each load in a dc MG needs a specific voltage level to work
properly. This fact forces the system to have POL converters,
which are tightly controlled to keep a constant output voltage, as
illustrated in Fig. 6(a). It is assumed that the output power of the
POL converter is equal to the input power Po = Pi (hereinafter
referred as P ). Therefore, POL converters behave as CPLs, be-
cause the control action reduces the input current if the input
voltage increases and vice versa [22]–[24], [26]. There are two
major differences between an ideal CPL and a POL converter.
The first one occurs when the input voltage is less or equal than
the designed output voltage Vth (buck converter with voltage
control loop). At this situation, the control saturates the duty
cycle, causing the switch to keep closed, consequently, the POL
converter becomes a passive load, losing its (CPL) characteris-
tic, as illustrated in Fig. 6(b). Thus, an ideal CPL is represented
mathematically as a voltage controlled current source (VCCS)

i(v) =
P

v
(20)

and the POL converter as a piecewise (VCCS)

i(v) =

⎧

⎪
⎪
⎨

⎪
⎪
⎩

P

v
, if v > Vth

P

V 2
th

v, if v ≤ Vth .

(21)

The second difference occurs at high frequencies. Ideal
CPLs responds equally to every frequency, whereas the POL
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Fig. 7. Linear and ideal CPLS models to represent POL converters.

Fig. 8. Sources models. (a) MPPT control. (b) Droop control.

converters are only able to respond to frequencies within the
closed-loop bandwidth, although this feature is not modeled in
the piecewise function in (21).

Since the ideal CPL model is nonlinear, it is common practice
to linearize it in a voltage operating point Vop

i(v) = i(Vop) +
∂i

∂v
[v − Vop ] + O(v2) (22)

i(v) ≈ 2
P

Vop
+

v

−V 2
o p
P

. (23)

Such linearization results in a current source in parallel with a
negative resistance [15], [16], as illustrated in Fig. 7.

The linear stability analysis is only valid for small deviations
around the operating point. Furthermore, it is not able to predict
the global behavior of the system, which helps to define a safe
operating region. For this reason, throughout this paper, the bus
voltage stability is obtained from analytical bifurcation analysis
using the ideal CPL model. Afterwards in Section V, a numerical
bifurcation analysis is done using the piecewise CPL model
(POL converter), as illustrated in Fig. 6(b).

B. Sources

The sources are connected to the MG through power con-
verters, whose control dictates their behavior [4]. Sources under
(MPPT) try to maximize the injection of available power to the
MG regardless of the network status. Under constant weather
conditions, the set PV and power converter can be modeled
as (CPS) when viewed by the bus terminals, as illustrated in
Fig. 8(a). This means that despite of the variation on the bus
voltage, the current provided by the power converter adapts to
keep injecting a constant power.

Differently, the batteries under droop control have the role to
work cooperatively to keep the bus voltage stable. The resistive
output characteristic of the droop controller is modeled as an
ideal voltage source in series with a resistance, as illustrated in
Fig. 8(b).

Fig. 9. DC MG circuit setup and its equivalent circuit model.

C. Equivalent Circuit Model and Dynamics of the System

The two batteries in parallel are connected to the bus through
transmission lines. Each battery and its power converter are
modeled as an ideal voltage source in series with a resistor,
as illustrated in Fig. 8(b). A (PV) system operates in MPPT
and behaves similarly to a CPL in the sense that it injects the
available power to the grid without caring to the system stability.
Thus, PVS are considered CPSS and are modeled as depicted
in Fig. 8(a). The total power of CPLS (POL converters) on the
MG is PL (positive) and the total power of the CPSS (PVS) is
PS (negative). As CPLS and CPSS behave in the same way, they
can be modeled as a lumped CPL that demands an equivalent
constant power P given by

P = PL + PS , PL ≥ 0, and PS ≤ 0. (24)

To analyze the system stability, the sources in parallel un-
der droop control and their transmission lines are modeled as
an equivalent voltage source (Vref ) in series with a resistance
Rd and an inductance Ld given by (17) and (14), respectively.
The input capacitances of the POL converters and a bank of
capacitors connected to the bus are represented by a lumped
capacitance C [27], where C is the summation of all capaci-
tances in parallel. Thus, the system to be studied and its model
is depicted in Fig. 9, in which P , R, and C correspond to the
equivalent CPL, the resistive load, and the lumped capacitance,
respectively.

From the equivalent circuit model illustrated in Fig. 9, the
dynamics of the dc MG with an ideal CPL can be represented by

dis
dt

=
1
Ld

(Vref − vbus − Rdis)

dvbus

dt
=

1
C

(

is −
vbus

R
− P

vbus

)

. (25)

IV. STABILITY ANALYSIS

The static analysis provides the system equilibrium points,
which are obtained by making (25) equals to zero. The two
equilibrium points ei = [Isi

, V busi
] are

e1 =
(

Vref − V bus1

Rd
,

RVref − q

2(Rd + R)

)

e2 =
(

Vref − V bus2

Rd
,

RVref + q

2(Rd + R)

)

(26)

where q =
√

R2V 2
ref − 4PRRd(Rd + R).
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Hence, the necessary condition to the existence of equilibrium
points is

P <
R

Rd + R

V 2
ref

4Rd
=

R

Rd + R
Pmax . (27)

The static analysis provides the load conditions to the exis-
tence of equilibrium points, but does not specify the stability of
such equilibriums. Therefore, a dynamic analysis is necessary
to determine which of these equilibriums are stable.

The local stability of typical equilibria is obtained evaluating
the Jacobian matrix at each equilibrium point

J =

⎛

⎜

⎜

⎜

⎜

⎝

−Rd

Ld
− 1

Ld

1
C

1
C

(

P

V
2
bus

− 1
R

)

⎞

⎟

⎟

⎟

⎟

⎠

(28)

where the stability is determined by the eigenvalues of this
matrix.

A. Stability of the First Equilibrium e1 = (Is1 , V bus1 )

The Jacobian matrix in (28) evaluated at e1 has always a
determinant Δ < 0. In planar systems, this means the existence
of two eigenvalues with opposite signs. Thus, it is a saddle
equilibrium, and consequently, always unstable.

B. Stability of the Second Equilibrium e2 = (Is2 , V bus2 )

The second equilibrium point is stable when the trace of (28)
is less than zero (τ < 0) and the determinant greater than zero
(Δ > 0). Solving these inequalities results in following two
cases that guarantees the stability of e2 :

1) C > Ld

R2
d

, the system is stable when

P < PI =
RV 2

ref

4Rd(Rd + R)
=

R

Rd + R
Pmax; (29)

2) C ≤ Ld

R2
d

, the system is stable when

P < PII =
LdRV 2

ref (CRdR + Ld)

(CR2
dR + Ld(2Rd + R))2 . (30)

When the lumped capacitance C belongs to case 1, the equi-
librium point is stable for any value of P within the equilibrium
existence condition described in (27). The case 1 system has only
one type of instability related to the incapacity of the system to
provide the power demanded by the load at P = PI .

On the other hand, if C belongs to case 2, the equilibrium is
stable only over a smaller range of load values (P < PII). In
this case, the instability occurs at P = PII due to the interaction
between the load and source subsystems.

Thus, in a case 2 system, if P is increased until it reaches PII ,
a subcritical Hopf bifurcation (H) occurs and the equilibrium
becomes unstable [28]. It is illustrated in Fig. 10 all possible e1
and e2 equilibrium points when varying the parameter P for a
case 2 system with two sources in parallel with the parameters
described in Table II.

Fig. 10. Bifurcation diagram of the equilibrium points varying P with a fixed
R = 500 Ω of a case 2 system. The points Heq and Hn represent the Hopf
bifurcation of the equivalent and n-sources models, respectively. The same
notation is used for the saddle-node points, SNeq and SNn .

TABLE II
CIRCUIT SIMULATION PARAMETERS OF A 380-V DC MICROGRID

Rv (Ω) Rt (ω ) Lt (μH ) C (mF ) R(Ω) P (W)

DG 1 0.2 28.5 436.5 1 500 Variable
DG 2 0.2 57 873

Fig. 11. Stability regions for any combination of CPL and resistive loads of a
case 2 system using the equivalent model.

The system has a nominal voltage of 380 V and the CPL is a
POL buck converter (380–150 V) driving a variable resistance
that should be supplied with 150 V. This setup is designed to be
a case 2 system with a Rd = 0.11 Ω and Ld = 291 μH.

The equilibrium e2 is unstable for any value of P higher than
PII and lower than PI (cf., Fig. 10). There are no equilibrium
points for P values above PI , because a saddle-node bifurcation
(SNeq ) [28] occurs when e1 and e2 meet each other at PI and
both equilibrium points disappear. It is illustrated in Fig. 11 a
diagram in (R,P ) plane representing all the load conditions
(combinations of R and P ) for the system described in Table II.
The continuous black and gray lines are PI and PII , respectively.
When the system load is under the gray line, the equilibrium e2
is stable, otherwise it is unstable. At the gray line, a subcritical
Hopf bifurcation (Heq ) and at the black line a saddle-node bi-
furcation (SNeq ), i.e., above this line there are no equilibrium
points.
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Fig. 12. Phase portrait of a case 2 system when P < PI I .

A typical phase portrait for a case 2 system when P < PII
(e2 stable) is illustrated in Fig. 12. There is always an unstable
limit cycle around the stable equilibrium point, which defines the
stability region (shaded area). Therefore, the state always returns
to the equilibrium point for any disturbance that shifts the state
from the equilibrium point without crossing the unstable limit
cycle. The shaded area decreases as P approaches PII .

Stability is not the only concern when designing an MG, all
the loads need a bus voltage regulated within an acceptable
range to work properly. In this scenario, P and R should be
limited to keep the voltage within a tolerance range δ specified
as a percentage of the reference value Vref . So, the voltage bus
restriction is given by

V bus ≥ δVref , with 0.5 < δ < 1. (31)

The quota of P and R loads that can be connected to a droop-
controlled system without exceeding the voltage drop limit is
obtained by substituting the voltage of equilibrium point e2 into
(31), which results in

P < Pδ =
δV 2

ref [R − δ(Rd + R)]
RdR

. (32)

This inequality defines the load allowed to keep the bus volt-
age inside the tolerance range. It is illustrated in Fig. 11 a black
dashed line that limits the region for a tolerance range defined as
90% (δ = 0.9) of 380 V. Thus, the tolerance on the bus voltage
drop may become more restrictive than the stability constraint.

Cases 1 and 2 show that if Rd is increased, the lumped ca-
pacitance necessary to keep the system stable decreases. The
relation among C, Ld , and Rd presented in cases 1 and 2 al-
lows to define the capacitance required for stability not only in
a operating point, but in the entire voltage range to a given load.
Based on this analysis, a design guideline to obtain a stable dc
MG is described.

C. Designing a Stable DC MG

Based on the preceding analysis, the steps for obtaining a
stable DC MG are described below and presented via a flowchart
in Fig. 13.

Fig. 13. Flowchart to design a stable dc microgrid.

1) obtain the power capacities of each droop-controlled
source (Pci );

2) set the desired tolerance range δ and the reference voltage
Vref ;

3) Set the maximum constant power and the resistive load
allowed in the MG, PML , and RML , respectively. As the
resistance is reduced more power is required, so PML is
the maximum value of P and RML is the minimum value
of R.

From the power capacities the droop resistance of each power
source (Rdi

) is obtained. This method assumes Rdi
� Rti

, as
explained in (3). Using the values of Rdi

and Lti
, it is obtained

the value of Rd , which should meet the specification of voltage
drop in (32). Once the power demanded by the resistive and
constant power loads is met, the capacitance value to keep the
system stable is adjusted.

V. SIMULATION RESULTS

In this section, simulation results are shown to validate the
stability analysis under load variations. Two sources in paral-
lel interfaced by dc–dc boost converters are connected through
transmission lines to a bus with resistive and CPL loads, as
illustrated in Fig. 14. The sources have the same capacity and
are under droop control (Rv ) with the parameters given by
Table II.

The bus voltage has a nominal value of 380 V and the CPL
load is a POL buck converter (380–150 V) driving a variable
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Fig. 14. Circuit used in the simulation to validate the stability analysis of a
380-V island dc microgrid.

Fig. 15. Point where the bus voltage under CPL variation starts to oscillate
(after the Hopf bifurcation).

resistance RL . This setup is designed to be a case 2 system
with Rd = 0.11 Ω and Ld = 291 μH. Using these values in
(30), it is possible to conclude that the system is stable for
P < PII = 49.72 kW, where a Hopf bifurcation occurs making
the system oscillate.

To validate the stability analysis, CPL variations are im-
posed to the system and compared to the mathematical anal-
ysis. The system is evaluated by varying the resistance RL

driven by the POL converter, which is equivalent to a CPL
variation (P ). The resistance is decreased in very small steps
from 10 Ω until the system becomes unstable. This method
is chosen because the stability analysis is local and high step
variations can make the state, even for a stable equilibrium,
leave the equilibrium region of attraction and turn the system
unstable. It is illustrated in Fig. 15 the bus voltage behavior
when the load power P is increased in small steps. When P
reaches 62.4 kW, a subcritical Hopf bifurcation occurs and the
system starts to oscillate after this critical point.

This oscillation is only possible in case 2 systems, because
there is a subcritical Hopf bifurcation before it reaches the max-
imum power that can be transferred to the load. The same results
are depicted over a bifurcation diagram (obtained using AUTO
software [29]) of the bus voltage as a function of the P param-
eter in Fig. 16. The diagram is built from the n-sources model
using the POL converter model of (21) (cf., Fig. 6).

Fig. 16. Bifurcation diagram of the system P × Vbus (POL converter), where
P = PS + PL . The Hc and Hn represent the Hopf bifurcations obtained from
the circuit of Fig. 14 and the n-sources model, respectively.

Fig. 17. Time response of the simulated circuit using three different CPLs.

It is noteworthy from the Fig. 16 that the Hopf bifurcation
point predicted by the equivalent model (PII = 49.72 kW ) oc-
curs for a smaller P than that obtained for the n-sources model
(Hn ) and the complete circuit (Hc ) illustrated in Fig. 14. The
difference between the Hopf bifurcation point predicted using
the equivalent model and the n-sources model is due to the
approximation used to represent the n-sources with only one
equivalent source. For the complete circuit, this difference oc-
curs for two main reasons. The first one, besides the approxi-
mation by a single source, the equivalent model disregards the
internal dynamics of the converter. The second reason, and no
less important, is the effect of conservative modeling applied to
POL converters, which are considered ideal CPLS. POL con-
verters do not have CPL characteristic over the whole spectrum
of frequencies, and consequently, they are much more stable, as
described in Section III.

Note that the diagram of Fig. 16 has four bifurcations and
three main regions. The main dynamic behaviors in time domain
of vbus relative to these regions can be seen in Fig. 17. The
saddle-node bifurcation of periodic orbits (SNPO) occurs due
to the passive region present in POL converters (cf., Fig. 6),
which give rise to a stable limit cycle.

At high P values there are two main equilibria bifurcations,
(SN) and boundary equilibrium bifurcation (BEB)[30] (see
Fig. 16). The first one is the maximum power which the MG can
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Fig. 18. Phase portrait of the system using the POL converter model for a P
inside the stable (although unsafe) region Pu .

Fig. 19. Bus voltage under intermittent power sources.

provide to the CPL; the second one shows up due to the discon-
tinuity from the POL converter model, where two equilibria,
one from the passive region and the other from the active region
collide on the boundary (Vth ). Therefore, BEB occurs when the
bus voltage drops below the Vth (cf. Fig. 6) and P > PBEB .
The BEB bifurcation gives rise to a stable equilibrium point,
which is obtained experimentally in the next section.

It can be stated based on the bifurcation diagram of Fig. 16
that the values of P inside the Pu region, although the system
is locally stable, it may become unstable when the bus voltage
is disturbed and cross the unstable limit cycle. If this happens,
the bus voltage is attracted by the stable limit cycle and start
to oscillate. To illustrate this behavior a phase portrait of the
system for a P within the Pu region is depicted in Fig. 18.
Therefore, the safe region is composed by all values of P located
to the left of the SNPO bifurcation point. For instance, when an
intermittent source (PS ) is connected to the bus and the total
power (P = PS + PL ) is in the safe region, the system stability
is not affected, as illustrated in Fig. 19. As a consequence of
this analysis, microgrids should be designed to operate in the
safe region regardless the intermittent sources, since the power
provided by them have a stabilizing effect.

VI. EXPERIMENTAL RESULTS

The aim of this section is to validate only the saddle-node
bifurcation (SN) where two equilibria collide and the bus volt-

Fig. 20. Experimental circuit setup to validate the bus voltage stability
analysis.

TABLE III
MEASURED VALUES OF THE EXPERIMENTAL SET OF FIG. 20

CPL Steps Initial Step 1 Step 2

P (W) 5.39 6.74 13.06
PR e s (W) 2.45 2.02 –
PTo t a l (W) 7.84 8.76 –
Vb u s (V) 18.04 16.4 7.04
Vo (V) 7.96 7.96 5.76

age system drops very fast to a stable equilibrium point that
undergoes from BEB. In order to show this behavior, a sim-
ple setup composed by two sources of 24 V in parallel with
high output resistances Rd1 = 20 Ω and Rd2 = 33 Ω were im-
plemented. These resistances emulate two sources under droop
control. The load is composed by a resistance R = 133 Ω and a
buck converter (24–8 V) driving a variable resistance, as illus-
trated in Fig. 20.

This simple experimental setup emulates a system where the
capacitance is much larger than the inductance, characterizing a
case 1 system, which does not have the subcritical Hopf bifurca-
tion. The experimental setup does not have any transmission-line
inductances, Rd = 12.45 Ω (parallel of the droop resistances),
and consequently, the maximum power that can be transfered to
the load is PI = 10.57 W (SN).

Thus, if the POL converter demands more power than the
sources are capable to provide, a saddle-node bifurcation (SN)
occurs and the system collapses. To show how this happens
experimentally, first the buck converter feeds a resistive load
of 47 Ω that draws 1.35 W from the sources. The buck output
resistance is switched in two steps until the power demanded
by the system exceeds PI . The CPL power P , the bus voltage
Vbus , and the power consumed by the resistive load Pres are
described in Table III. The bifurcation diagram corresponding
to the experimental setup is depicted in Fig. 21(a), whereas the
bus and the buck output voltages time response are illustrated
in Fig. 21(b) and (c).

When step 2 occurs, the power required by the CPL exceeds
the power PI and the system collapses. The bus voltage drops
very fast and the buck converter tries to provide the power
demanded by the load modifying the duty cycle for increasingly
higher values, until the duty-cycle value saturates, forcing the
switch to remain closed. At this point, the power converter loses
its constant power characteristic and starts to behave passively
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Fig. 21. (a) Bifurcation diagram of the experimental setup, where the �
markers stand for the experimental values of the bus voltage; (b) Step 1—
CPL variation from 5.39 to 6.74 W; (c) Step 2—CPL variation from 6.74 to
13.06 W . The power demanded after this step exceeds the SN bifurcation and
the system collapses.

as an RLC circuit, as illustrated in Fig. 21(c). That is why the
system finds a stable equilibrium point after the SN, as expected
by the bifurcation diagram in Fig. 21(a). This stable equilibrium
is represented by the black continuous line after the BEB.

VII. CONCLUSION

DC MGS are emerging as distributed generation solutions to
some applications that need efficiency and reliability. Under this
perspective, this paper has addressed a simplified model to re-
duce the complexity of the nonlinear stability analysis for small
dc microgrids under droop control without communication. The
proposed equivalent model keeps the qualitative behavior of the
system while reducing the complexity of the stability analysis.

The nonlinear analysis based on the bifurcation theory give
us some relations among the MG parameters, which allow us to
determine the qualitative behavior of the system. In this sense,
bifurcation diagrams presented along this paper offers a design
guideline to build reliable MGs based on safe operation regions.
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Florianópolis, Brazil.

His main research interests are nonlinear control
applied to power electronics, adaptive control, nonlin-
ear dynamics, bifurcation analysis, and electromag-
netic fields.

Vinicius Stramosk (S’09) received the B.S. and
M.S. degrees in control and automation engineering
from the Federal University of Santa Catarina, Flo-
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